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Abstract

Interest in thin film flows of liquid metal (LM) in a strong magnetic field has increased due to the possible
application of such flows to the protection of divertor surfaces in a tokamak fusion reactor. In order to investigate
the behavior of such a thin film flow in the fully-developed limit, a two-dimensional numerical model of open-channel,
magnetohydrodynamic (MHD) flow has been constructed. This flow is contained in a chute of arbitrary electrical
conductance with a magnetic field perpendicular to the flow direction but with arbitrary azimuthal orientation.
Results of this self-consistent model are used to examine issues of importance to the successful fusion divertor
application of thin film flow, such as the uniform film height and heat transfer of the films. It is seen that the flow
height can be dominated by even a small transverse component of the field, rather than the stronger coplanar
component, due to the elongated nature of the film. The model is also used to determine the validity of the
Hartmann-averaging technique. an approximation used extensively in previous developing film models to account for
the effects of a dominant coplanar field. This Hartmann-averaging is shown to be accurate in predicting the behavior
of the core flow in the strong coplanar MHD interaction regimes. but cannot predict the flow quantity in parallel
layer jets that can make up an appreciable portion of the flow. The Hartmann-averaging method is seen to be
unsuitable for elongated flows dominated by the transverse field component.

1. Introduction
a continually replenished surface that replaces

The use of a liquid metal (LM) film flowing eroded materials;
down an inclined plate has been proposed {1] as a a large heat removal capability that may elimi-
self-healing. self-cooling, tokamak divertor sur- nate the need for a separate coolant;
face. The LM film divertor has several potential - reduced heat penetration to the structure, thus
benefits for reactor performance, including: reducing thermal stresses;
- protection of the underlying surface from phys- elimination of armor-tile attachment complica-
ical erosion and surface blistering; tions:
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- possible reduction in the large tritium invento-
ries trapped in immobile armor materials; and

— possible elimination of the usage of large
amounts of beryllium as a plasma facing mate-
rial.

Although LM film divertors can in principle
eliminate several of the major existing problems in
the development of solid surface plasma facing
components, the use of LM film in this capacity
adds unique problems of its own. For example,
concerns about contamination of the main plasma
from rapidly eroded LM material have yet to be
addressed to a satisfactory degree [2]. Also, the
effect of the plasma wind on the free surface shape
1s expected to be significant [3.4], especially for
lithium films, but not necessarily catastrophic.

Equally serious, however, 1s the behavior of the
LM film in the complicated magnetic fields near a
tokamak divertor. The ability to establish and
maintain a stable film with the appropriate film
height and velocity is crucial to the success of this
design concept. An investigation of the behavior
of the fully-developed film in a channel of arbi-
trary electrical conductance and in a spatially
oblique magnetic field 1s the focus of this work.
The model is presented briefly in Section 2. and
results are used to answer the following questions
in Sections 3 and 4.

- Is it possible to create a desirable uniform flow?

- Is the use of various simplifying techniques to
reduce the complexity of developing film mod-
els valid?

A more detailed investigation of the two-dimen-
sional velocity and induced magnetic field (electric
current) profiles of uniform flow is the subject of
a separate paper [5]. Certainly other magnetohy-
drodynamic (MHD) issues exist, such as the effect
of temporal and spatially variable magnetic fields.
but this initial investigation is essential in under-
standing the nature of LM MHD thin film flows.

2. Fully-developed film flow model

The flow of liquid metal in a magnetic field is
governed by the standard MHD equations which
include: the Navier-Stokes equation of momen-
tum conservation, the mass continuity equation,

Ohm’'s law, and Maxwell’s equations. The so-
called induction equation used in this model is
obtained by taking the divergence of Ohm’s law
and applying Maxwell’s equations. It is more
commonly used in formulations that solve for the
induced magnetic field instead of the current den-
sity. See Ref. [6] for a detailed treatment of the
LM -MHD equations as applied to flow in closed
ducts.

The typical quasi-coplanar geometry (Fig. 1) as
defined in Ref. [7] has the applied field direction
dominantly parallel to =, which lies in the plane of
the film but perpendicular to the main flow direc-
tion, with smaller components in the other two
directions. The x coordinate denotes the direction
of dominant fluid flow and is termed longitudinal.
The y coordinate is normal to the substrate and is
named the transverse direction. Other definitions
include: / as the film height measured along y, 8
as the angle of the substrate to the horizon (mea-
sured positive for downward sloping chutes), « as
the angle of the magnetic induction to z, and
finally ¢ as the channel width with the chute walls
located at +a/2. This type of flow is indicative of
a poloidally flowing divertor film where the main
toroidal field component is largely aligned with z.

The MHD equations are simplified with the
assumption of an open-channel, laminar, fully-de-
veloped flow of a uniform depth over the channel
width. As a consequence of the fully-developed
assumption, the total pressure distribution is hy-
drostatic and the height of the flow is no longer
changing as it proceeds down the channel (uni-
form flow). The velocity has only the longitudinal
component. = (u, 0,0) as a result of the driving
force of gravity. These same assumptions lead to
the inclusion of only the x component of the

Fig. 1. Geometry of quasi-coplanar LM film flow.
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induced field as well. B":(B‘\.O. 0), where the
total field is the sum of the originally applied field
and B' induced by the motion of the flow. Also. in
this analysis we further simplify the magnetic
geometry by the neglect of the longitudinal com-
ponent of the applied field so that it can be
defined as B* = (0, B, B*). The longitudinal com-
ponent tends to produce forces that lead to a
non-uniform surface height (in z) and small mo-
tion in the y and - directions, but should not
effect the main film velocity drastically in fully-de-
veloped flow. Its inclusion would require signifi-
cantly more effort to model, and so is neglected in
this approximate treatment.

The application of these simplifying assump-
tions reduces the general equations to the follow-
ing system in terms of the velocity, induced
magnetic field, volumetric flowrate and the uni-
form film height:

1 S g sin ()
/)llm " "

V2B + 0BV =10 (2)

a2 n
j J udyd-=Q (3)
a2 Jo

where the operator V is defined as (0, ¢y, ¢
¢z), g is the acceleration of gravity and Q is the
volumetric flowrate. The symbols a,, p. v and u

Viu+

m

a\ gsin . -
Uy, = 3 . By =u . (avp) 0,

ar o\ - oaib " Owsh
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are electrical conductivity, mass density, kine-
matic viscosity and magnetic permeability of the
LM. The constancy of these material properties is
assumed throughout this work. The constant
flowrate condition is given as the third equation
of the fully-developed model formulation. It is
required if the uniform film height 4 is to be
computed. Eq. (3) is coupled to Egs. (1) and (2)
through the boundary conditions since /i is the
upper limit of the solution space for the velocity
and induced field profiles. If / is assumed a priori
then Eq. (3) is needed only to compute the
flowrate that results in such a uniform film height.

The boundary conditions for the velocity are
no-slip on the channel walls, and free-slip at the
free surface:

u=_0 at y=0o0r z= +ua/2 (4)

Y0 atv=h (5)
oy

The conditions needed for the induced field can be
determined from the thin conducting wall

boundary conditions [6.8]:

CB

Gy Z

\ ABI
((Thah) ‘A N Bl\r =0 at y= 0 (7)

gy Cy
B =0 aty=h ®)

where the subscripts b and s refer to the bottom
wall and the widewalls respectively. The thin con-
ducting wall approximation treats the channel
walls like an infinitely thin conductor with no
voltage difference over the width of the wall. It is
accurate provided that the resistance of the wall
width is small compared to the resistance of the
entire current path through the walls.

Egs. (1)-(3) and the boundary conditions are
normalized using the following characteristic
quantities and dimensionless parameters.

Ye=h Z,=ui2 9)
=2u2yu, (10)
= (1)

The choice of the characteristic velocity and in-
duced field may seem rather cryptic, but are in
reality very telling. The characteristic induced
field is simply that expected for a completely
insulated channel instead of that of a perfectly
conducting channel which is normally used. The
characteristic velocity when multiplied by g2
is the velocity at which friction from the back-
ing plate balances the driving force of gravity.
So if u/u, <p? for a thin film flow, the MHD
forces are beginning to affect the flow. If wuy
u, <« #°, the MHD forces are dominating friction
forces.
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Denoting the dimensionless variables with a
tilde, the new set of equations 1s:

] ¢ ch ch .
Z; <smx—+/£cosx-—)=—/f~

(12)

s N cii A
(ﬂ” + 57 (M, + Hap (sm %= + J cos x ﬂ) =0
i fz? : (z

(13)
s ! ~
%J [ Gdidi=pa.. =0 (14)
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The choice of this normalization leaves the differ-
ential operators on the left hand side of Egs. (12)
and (13) identical. Adding and subtracting the two
equations reforms this system into

oy o’

+ 52
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-

cp-

Ce . X0
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where v, =i + b. Although the equations for
and w _ are decoupled, the new variables are related
now through coupled boundary conditions. These
new boundary conditions are:

w_+w =0 at v=0or 2= +1 (16)

e T (7

Cr ‘1

w, —w = at r'= (18)

(I>\<(;): —((j)\)j(() - )=0 at 2= +1
(19)

O,/ Cw. (o R

Tj( 5 —7)(0)_ - )=0 at v =20
(20)

With these boundary conditions the non-dimen-
sional system is complete. The governing parameter
set 1s effectively reduced to Ha, @, 2. and either
Q or f. If £ is given as an input, then Eq. (14) is
required only to compute the necessary flowrate.
and the system is reduced to only Eqgs. (12)—(13).
From this point on. the tildes will be dropped from
the equations for convenience. When the discussion

reverts to any dimensional considerations, this fact
will be noted in the text and the tildes reinstated for
clarity.

Eq. (15) is solved numerically as pseudo-heat
conduction/convection equations with coupled
boundary conditions. The derivatives are finite
differenced with a split operator scheme, where
second order derivatives are second order central
differenced while first order derivatives use a com-
bination of central and upwind differencing. The
upwind method used here is only first order accu-
rate with respect to the grid size, but provides more
physically realistic solutions than second order
central differences when the cell Peclet number is
greater than two [9]. The occurrence of false
diffusion [9, p. 106] when the grid is not aligned with
the pseudo-convection velocity is expected for this
scheme. This will result in some smearing out of
sharp gradients in »_. when x#0. This false
diffusion is reduced by the use of the finest possible
grid spacing in the interior region for cases with
oblique applied magnetic field.

The simple grid constructed for this problem is
an unequally spaced rectangular mesh. A small grid
spacing is selected for near the walls, and a larger
spacing is used for the interior. The grid generation
routine written for this problem allows the user to
choose the boundary layer size on each wall, the
maximum cell size and the maximum ratio of size
from one cell to the next. The actual choice of grid
spacing and total number of grid points is depen-
dent on the particular problem due to the variable
width of boundary layers and the conductivity of
the walls. In general, runs with insulated walls and
low Hartmann numbers (Ha = 1000) may utilize
around 60 x 60 grids, where conducting walls with
larger Ha could require grids with 200 or more grid
points in each direction to adequately resolve the
boundary layers and interior shear layers. The de-
pendency of the solutions on the grid selection is
minimal once adequate resolution of the boundary
layers is achieved. For oblique fields, this condition
requires many interior grid points to resolve shear
layers not exactly aligned with the grid.

Two variations of the solution method were
coded, FDFF solves the problem with the value of
f# given, and then, at the end, computing the
required Q from Eq. (14). FDBV solves for § as
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Table 1
Values of parameters typical of reactor environment flows

Symbol ITER (Ga as working LM)
Min Max

a.2 (cm) 10 S0

h, (mm) 2 6

B (T) 5 10

u, {ms ') 1 3

0 (°) 5 70

% (°) 0 15

Ha 2 x 10? 2% 100

Re, 6x 10° 1 x 10°

Fr, 30 423

Ao 0.004 0.06

Q 510 ™ 1 <10 °

well, after each pass recomputing f from Eq.
(14) using the given Q. FDFF converges faster as
a result of the reduced number of variables in
the solution set. The two codes give consistent
answers to equivalent problems and accurately
converge to known analytic solutions in the limit
of large or small f [5] and in the limit of strong
MHD interaction [10]. Further details of the
numerical methods can be found in [5,8]. Re-
sults from either code will be called FDFF and
are not necessarily produced by the FDFF code
variant.

3. Fusion relevant results of FDFF model

The goal of this section 1s not to thoroughly
explore all the implications of the FDFF model,
but rather to introduce some fusion consider-
ations in varying degrees of detail. For example,
the heat transfer, which is as rich as topic as the
determination of the flow fields in general, is not
analyzed in great depth. Instead, more qualita-
tive remarks are given to serve as guidelines for
future, fusion-related rescarch topics. Readers are
referred to Ref. [5] for more in-depth discussion
of the flow fields presented.

ITER relevant parameter ranges are summa-
rized in Table |. The channel sizes are rather
wide in order to cover the large divertor area in
as few segments as possible. The inlet velocities

and film inlet heights are estimated from the
literature as those required to adequately protect
the surface and remove the deposited energy
[11-13]. The field strength depends on the loca-
tion of the divertor, where inboard divertors will
see a larger field than their outboard counter-
parts. The maximum angle of inclination is lim-
ited to avoid the wavy surface flow predicted to
worsen for steep to vertical film flows. The field
is expected to suppress these waves to some de-
gree. but probably not entirely. The maximum
inclination of 70° is selected rather arbitrarily
as an approximate balance of these two tenden-
cies. but the precise limit must be investigated
further. The o subscript denotes values at the
inlet, which may change as the film proceeds
down the channel.

Before continuing with this discussion, a clas-
sification of flow regimes based on FDFF results
is in order. Depending on the orientation of the
field in flows with small §, the flow can be domi-
nated by either the y or - component of the
applied field.

- Regime 1: dominated by viscosity

Hag sin z, {Hap?cos a < 1
- Regime 2: dominated by y field

Hag sin 2 > 10, $HaB? cos «

Regime 3: dominated by = field

iHap? cos « > 50, Hap sin «
These regimes are shown graphically in Fig. 2.
The flow channel itself is subdivided into three
regions labeled 1. II and III, and shown in Fig. 3
for each flow regime. The transition between
regime 2 and regime 3 occurs when a single field
line intersects both the lower-left and the upper-
right corner of the channel, occurring when
S =2 tan 2. At this point, region I dominated by
the y field in regime 2 disappears entirely, reap-
pearing in regime 3 flow dominated by z field
component.

3.1. Laminar flow

The FDFF model relies on the assumption of
laminar flow. A quick check of this condition
using the values in Table 1 is therefore in order.
For duct flow, the laminarization limit for flow
elongated along the field is given in Ref. [6] as
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Fig. 2. Flow regime parameter space. T12 is the transition
between regimes 1 and 2 flow. T13 is the transition between
regimes 1 and 3 flow. T123 has elements of all regimes, and the
ITER range is determined from Table 1.

a AN
Hag/Re =§—<Q) >77x10 * 2n
Using worst case values from Table 1 we compute
Hap/Re = 1.35 x 10~ * for ITER using gallium as
the working metal. This is about twice the limit
value, indicating laminar flows over the range of
parameters considered.

vy
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Fig. 3. Channel regtons for (a) regime 2 and (b) regime 3 flow.

3.2. Heat transfer

The velocity profile of the flowing film is impor-
tant to know for a variety of reasons. Primarily the
velocity profile will be used in heat transfer calcu-
lations to determine temperature profiles and total
heat removal capability of a specific divertor design.
Most heat transfer calculations made for film heat
removal and temperature profiles have used slug
flow for the velocity profile [11,12]. For fast films
(films flowing fast enough to remove all incident
energy), it has previously been shown in the above
references that heat conduction limits the depth to
which the heat flux penetrates into the film during
the time it is exposed to the plasma. Increasing the
flow height provides greater protection against
off-normal conditions like disruptions, but does not
increase the overall heat removal capability in the
strike zone before the surface temperature limit is
reached. Of course, if conduction in the transverse
direction could be enhanced by the presence of
turbulence, flow or boundary layer instabilities or
mixing due to the momentum of the plasma striking
the surface, then this claim may not be strictly true.

Despite the lack of sensitivity of the heat removal
to the film height, the velocity profile does affect the
heat removal. The possibility exists for flows with
large velocity jets on the free surface. These jets will
improve the overall heat transfer capability of the
thin films. For the same average velocity, the heat
flux will see a faster moving layer on the heated
surface (in the center of the channel), increasing the
heat removal capability of the film in this region.
Near the sidewalls, however, the velocity can drop
to zero parabolically, reducing the heat removal in
these areas as compared with that calculated with
slug flow. A comparison of surface velocities for
several different cases normalized with their aver-
age velocities 1s shown in Fig. 4.

If oblique fields are considered, the surface
velocities profiles can vary dramatically depending
on the wall conductance. For insulated channels,
the reshaping of the surface jet to a more triangular
shape will shift the area of better heat transfer to
one side of the channel instead of directly in the
middle. If the flow is in regime 2, where the y
component of the field dominates, the flow is pretty
close to the slug flow profile, except in region HI
where the velocity drops.
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Fig. 4. Velocity profile across the tree surface in (a) insulated
and (b) conducting channels.

If the boundary layer jet (of approximate thick-
ness (Haf?cos 2) ' 7 for parallel layers) is very
thin, the heated depth may penetrate further into
the channel; greater than the jet thickness. The
insulated cases with strong MHD interaction have
a central core region that is very close to the
average velocity used in standard slug flow calcu-
lations of heat transfer. This seems a desirable
situation. If the flow is not fully core flow. and
more parabolic flow (in 1) results (regime 1 and
transition regimes). this i1s also favorable since
surface velocity is still greater than the average
and decreases over the entire depth of the flow.
leaving the majority of the flow in the upper half
channel.

The equilibrium velocity profile is also impor-
tant for stability calculations [14]. It is likely that
large velocity jets on the surface could be un-
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stable. Should such an instability in velocity and
film height develop, provided that it is small in
magnitude compared to the total height of the
flow, it could positively impact the heat transfer
as a mixing layer at the surface could form,
providing convection and increasing the heated
depth.

The current density, due to Joule dissipation, is
also a source of heat for the film flows. Calcula-
tions with FDFF have shown that in the limit of
high field and/or large S, the film behaves approx-
imately like Hartmann flow in the core region.
The current density of total Hartmann flow is (in
a dimensional system):

Veore B cos « in regime 3 (22)

core

=® o

B sin x in regime 2 (23)

core

= Q.0

Since e < U, for conducting wall flows, we
will use the latter in subsequent equations. The
additional volumetric heating in the bulk, due to
the flow of current, is approximately computed

from the energy equation to be

ave

AT, ch:?.hum,e(”'wa SakLL “)2) 4)
Py

= 175L®%u,,, in regime 3 (25)

= [2L®}u,,. in regime 2 (26)

where L is the axial channel length, ¢, is the heat
capacity (about 343 Jkg~'°C~! for gallium) and
the numerical constant is computed using gallium
properties and the maximum field from Table 1. It
1s possible to envision cases where this heating is
appreciable, but for thin conducting or insulated
walls (in this case replace ® with Ha""), volumet-
ric heating is negligible in the core.

However, if all the core current returns through
thin conducting walls, the current density in the
wall will be

i a2
Jwall = 77 Jeore (27)
giving a temperature rise in the wall of
) ‘Ba 2
A< 2oloBY o (28)

Owlow
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for regime 3 flow. For the worst case parameters
given in Table I, this gives a temperature rise of
about 875°Cs ! in a stainless steel wall! This
temperature jump, of course. will be moderated
by the flow of LM across the channel walls. In
addition, it is likely that the flow will not be
operating in full regime 3 core flow regime, but in
the transition from ordinary hydrodynamic to
MHD flow, or in a regime 2 core flow (see Section
3.3). Operating in these regimes will result in a
significant reduction in current density and thus a
quadratic reduction in local heating near the
walls.

The temperature and velocity are necessary to
determine the corrosion characteristics of the
flowing LM film. Some metals, especially gallium
and tin, may be restricted in allowable tempera-
ture due to corrosion concerns. The fact that
Joule heating may tend to heat the near-wall
region, along with the presence of sharp velocity
gradients at the walls (seen for most of the flows
with strong MHD interaction), may make corro-
sion an especially critical issue for gallium films
when MHD forces are strong.

3.3. Divertor operation at the uniform film height

Although it would be best to create a film with
no tendency to vary in height over the entire
length of the flow (in other words. at the uniform
film height), this is not an absolute requirement if
the development length of the flow is long com-
pared to the required channel length. In the pres-
ence of a magnetic field though, previous film
models (as well as established duct flow models)
predict the shortening of the development length
as the field increases [4,15]. To help avoid the
possibility of dry-out from thinning films, or over-
filling from films tending to thicken. it is desirable
to design the channel so that / is exactly. or at
least near, the desired thickness for divertor oper-
ation,

Can a coplanar. LM film divertor be operated
at the uniform film height? To help answer this
question, Figs. 5 and 6 show the contours of
U,./sin # as a function of channel width and
desired film height for several different values of x
and wall conductance o,qa,. Notice that these

quantities are dimensional, and the non-dimen-
sional tildes will be reinstated in this subsection.
The w subscript denotes all channel walls. The
wall conductance of the two conducting cases,
a.a, = 2000, is equivalent to a thin metal liner of
conductivity 10° (Qm)~' and thickness 2 mm.
These specific cases do not cover all possible
configurations but serve to show the relevant
trends. From these graphs, if the dimensions of
the desired film are specified, the value of u,,./
sin ¢ that results can be read off. Alternately, if
the value of the desired u,,./sin € is determined
before hand, the corresponding contour will show
the values of 4 and « that result in such a gallium
flow in a 10 T field. As an example of the former
case. if the film is desired to be 4 mm in height
and 60 cm in width, the value of u,,./sin 4 for the
four cases in Figs. 5 and 6 can be read off and are
given in Table 2.

Hag*=100

0.2 L L .
0.2 0.4 0.6 0.8 1.0
(a) h (em)
1.0
0.8
& o6t
-
0.4+
0.2
0.2 . 0.6
(b) h (cm)

Fig. 5. w,./sin ¢ in an insulated channel with B*=10T: (a)
x2=0° (b) x=5°
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Hag'=100

1.0

0.8+

a (m)
o
T

U |

0.4+

0.2
0.2
(b)

Fig. 6. u,..sin ¢ in a conducting channel with B*=10T.
a.dy, = 2000: (a) x =0° (b) »=5°

From case | it is seen that even if a high speed
film of 5m s ' is necessary for heat removal, that
a modest channel angle of only #x14° is re-
quired. However, neither case 2 nor case 3 will be
able to produce a 5ms ' film velocity, even at
steep angles. They can produce a 1ms ' film,
though, at around #=17° and velocities of
around 3ms ' at 0 = 70°. (The stability of films
flowing at high velocity and steep angles is not a
certainty. It is assumed for the sake of this discus-
sion that the field will stabilize such flows to an

Table 2
U, 'sin 0 for B*=10T. /=4 mm and ¢ = 60 cm

Case Description U, St
Case 1 x=0% g,a, =0 20.6
Case 2 x=5% a,ud, =0 315
Case 3 2=0°% a,a, =2000 36

Case 4 x=35% o, u, = 2000

wHaw

0.172

acceptable degree, but this has not been definitely
established.) When both the channel is moderately
conducting and the field i1s oblique, a uniform
flow at greater than 0.16 ms ~! is not possible at
any angle of inclination for the film dimensions
given above. At a=5° a reduction of the wall
conductance to 290 is required before even
I ms ' flow is possible at a 70° inclination.

Looking at the figures it is possible to under-
stand the qualitative trends with the help of the
simple estimations for # as a function of  (from
Refs. [5.8]) summarized here:

f=
303 A:Ha=0, f«1
OHa B: Hap>> 10, x=0

J(QHasin2)'?  C: Ha, 2 #0, regime 2, ®=0

OHa cos « D: Ha, x #0, regime 3, ®=0
~ Ha(l + Ha®,)
———~ +f, E:Ha, ®#0
L ro, P “ 07
(29)
where

8 ®,./Ha ( ®,/Ha )
T+, 4(1 + ®,/Ha)
for perfectly coplanar films (« = 0), but differs for
oblique incidence. In Fig. 5(a), the majority of the
flow parameter space is in the region greater than
Haf? > 10 where @ is governed approximately by
Eq. (29B). Using this and the definition of § we
can determine that u,../sin § is independent of A
and linearly dependent on «. This is indeed
demonstrated in the figure. In the region where
Haf? is less than 10 we use Eq. (29A) for § and
therefore expect u,,./sin € to be independent of a
and vary as A% This is also borne out by the
figure. Similar reasoning can be used for Fig. 5(b)
and Fig. 6 to explain the observed tendencies in
the different regions. We notice in particular that
in Fig. 5(b) that the above contour tendencies in
Fig. 5(a) seem to be reversed. This is because the
entire parameter space is solidly in regime 2 flow
where the y-field, and not the z-field, dominates
the flow. These contour tendencies in Fig. 5(b)
start to change in the lower-right corner where
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regime 3 flow is approached. and the z-field again
makes its presence felt. Explaining the conducting
wall graphs gets a little more complicated, as the
expressions for £ vs. § contain the ® parameters
which are also dependent on «.

Graphs of this type are useful as design tools to
determine possible configurations that allow film
flow at the uniform film height. We have seen
from the above exampies that such flow is possi-
ble, especially if an insulated channel is used. In
this case, the positive benefits of the field, namely
the stabilization of the film flow, are enjoyed
while channel flooding due to additional MHD
drag i1s not a problem. The design window be-
comes tighter as the channel becomes more con-
ducting or the field deviates from - in direction.
These conditions result in an increase in the nor-
mal film height, and make creating film flows with
practical dimensions at a high enough velocity
difficult to manage. However, in the coplanar
case, flows at Hag? around 10 or smaller are not
degraded much further than that shown for case
3, no matter how high the wall conductance gets.
Conversely, if the substrate is even moderately
conducting in regime 2 flows (g,a, > 720 for
a = 5°), practical flows at 4 become impossible,
and developing-flow designs must be investigated.

4. Validity of Hartmann-averaging technique

Most previous modeling efforts for fusion-like,
quasi-coplanar, thin film flows rely on an averag-
ing method where the velocity of the film as a
function of the channel width position (z coordi-
nate) is assumed to be Hartmann. This averaging
procedure is described in Ref. [16] and Ref. [8],
and is not repeated here. The use of such an
averaging technique is attractive since it allows
the governing equations to be greatly simplified.
to the point where an analytical solution can be
found in some cases. Such simple solutions, if
accurate, can be used to quickly identify design
parameters leading to an acceptable film height
and velocity profiles along the divertor, instead of
solving complicated systems of equations numeri-
cally over all design parameter space.

The two-dimensional FDFF model, since it
makes no assumptions about the behavior of the

velocity in the = direction, is used to determine if
the Hartmann-averaging method can be utilized to
accurately determine the velocity profile and uni-
form film height. To accomplish this, we use
several of the models that utilize Hartmann-aver-
aging from the literature for comparison, adapted
to this system of non-dimensionalization and re-
duced to their fully-developed limits. All variables
are dimensionless unless specifically noted. The { »
brackets are used to indicate a quantity Hartmann-
averaged (H-A) over the width of the channel.

1D parabolic model—based on Aitov et al. [16]
which assumes a completely coplanar magnetic
field:

3 p 2 22 (DS
pi= Q<Hd[f + Ha*p ——l n (D) + 30 (30)
(u> = %(,w%,»J) (31)

This model uses what we will call method 1 to
handle wall conductivity. This method relies on
determining the value of the current leaving the
fluid and entering the wall by matching Ohm’s
law and the current conservation equations both
in the wall and in the fluid at the interface.
Method 1 relies on the assumption that the elec-
tric field set up in the core by charge separation is
constant in - and drives return current through
the sidewalls.
2D-u model—based on Evtushenko et al. [4]:

Q:E‘;<1 ‘M'L’*_]> (32)

my m*

.

{uy= '{i: (tanh[m ] sinh[m,y] — cosh{m,y] + 1)
* (33)

Again method 1 is used to account for wall con-
ductivity and the parameter mZ = Hag? + Ha’g?
[@./(1+®D,)] can be recognized as the combination
of the magnetic terms from the 1D parabolic
model.

2D-ub model—based on Baranov et al. [17]:

I JI uydy=0Q (34)

d*uy
dy?

D,
Hap?C(u)—2Hap? m {p>=-p*
(35)
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a*(b> , +d s
—— —2Haff-—— {|b Hafp~ =0
dy? 4/ 1+Ha(1)_\<’ >+ Hafi*Cu)
(36)

Here the wall conductivity 1s handled by averag-
ing the magnetic field in addition to the velo-
city, using the results of the Hartmann problem.
This is referred to as method 2. Note that this
method is considerably more complicated, result-
ing in a coupled ODE system instead of analytic
solutions.

4.1. Velocity profile comparison

As indicated above. an accurate velocity profile
is important for the determination of the heat
transfer and temperature profiles in a heated film.
Additionally, the average velocity (over the entire
channel, not just the Hartmann-averaged width)
will determine the uniform film height for a given
Q by the relation f = Qu,.. (Eq. (14)). The form
of the velocity profile, as it turns out. will show
the cause of inaccuracy in f predictions due to the
inability of the H-A methods to predict parallel
layer velocity jets. For this reason, the velocity
profiles produced by the H-A models are com-
pared to the ¥DFF results. which have been aver-
aged over the channel width for this comparison.

Beginning with the case of purely insulated
channels, we note that the results from the 2D-ub
and the 2D-u models are equivalent, and so only
one will be plotted in the following graphical
representations. The 1 direction velocity profiles
at several different flowrates, indicative of the
weak, medium and strong MHD interaction
ranges are shown in Fig. 7. When a value of Haf"
1s quoted it refers to the FDFF value of £, since for
equal flowrates the values of f can vary drasti-
cally between the different models, pointing out
poor agreement.

At weak interaction (Haf” x> 0.5), good agree-
ment 1s seen between all the models and the
results of the FDFF code. The tendency of the
averaged method to slightly overestimate the
drag, and hence underestimate the average veloc-
ity, 1s seen. This is due to forcing the boundary
layers on the -= +1 walls to be very thin
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Fig. 7. Comparison of H-A velocity profiles to FDFF results in
an insulated channel for Ha=10* and Q (or alternatively
Haf?) equal to (a) 1077 (0.5), (b) 5x10=° (30) and (c)
2 x 1077 (400).
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(O(Ha ")) instead of the OHD boundary layers
(O(f)) predicted by rDFF. The 1D parabolic
model gives slightly better agreement than the
more complicated 2D models.

In the medium interaction range (Haf?* < 30).
the velocity is affected by the magnetic field. The
underestimation of the average velocity by the 2D
model is considerably worse (the 1D parabolic
model to a lesser degree), but the average velocity
is still of the same order of magnitude as FDFF.
However, good agreement is seen between the 2D
models and FDFF near the substrate, where a
parallel layer is forming in response to the in-
crease MHD interaction.

At strong interaction (Hafs® = 400), the velocity
assumes a core flow/parallel layer configuration
comparable to duct core flow often seen in the
literature. The 1D parabolic model no longer
accurately predicts the velocity profile, although
the average velocity is still closely predicted.
Good agreement in the core region is seen be-
tween FDFF and the 2D models. The agreement
breaks down near the free surface where the ve-
locity jet is not predicted by 2D-u. which contin-
ues flat all the way to the free surface. This is the
return current path for the core current, and is
not well modeled by the Hartmann-averaging,
which is valid only in the core. This large dis-
crepancy is not seen near the substrate since the
velocity given by FDFF remains flat as a function
of z due to constant friction from the bottom
wall. The free surface does not have this constant
friction and so the surface jet is parabolic in = (see
Fig. 4(a)), vastly different to the flat Hartmann
profile. Owing to the absence of the surface jet,
the average velocity is still underpredicted by the
2D models, but it is better than the medium
interaction case.

As the walls become slightly conducting
(O,Ha=1), models 2D-u and 2D-ub are no
longer equal. Graphs of the velocity profiles in
different interaction regions are provided in Fig.
8. The weak interaction case (not pictured), where
little MHD forces are present will be the same as
in Fig. 7(a) and is omitted here. At moderate
interaction (Hap? = 30), all the H -A models un-
derestimate the average velocity by a greater
amount than the insulated-wall case. Both 2D

ux 10™

(a)

ux 107

(b)
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models track FDFF well near the substrate, but do
not handle the beginnings of the velocity jet well
near the surface. However, 2D-ub does show a
slight increase near the surface where 2D-u is
already completely flat.

In the strong interaction regime (Haf? ~ 400),
we see that again the value of velocity in the core
region is accurately reflected by the 2D models. In

Lo " T FDFF ' ]
i 2D—ub 1
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Fig. 8. Comparison of H-A velocity profiles to FDFF results in
a poorly conducting (Ha®, = 1) channel for Ha = 10*, and Q
(or alternatively Haf?) equal to (a) 3.3 x 107° (30) and (b}
107 (400).
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addition, the 2D-ub model predicts a velocity jet
both at the free surface and near the substrate.
The magnitude of this jet mesured from the core
velocity is less than the actual jet by about a
factor of 1/2. The average velocity predicted by
both 2D models will be less than the actual veloc-
ity, but method 2 (accounting for the wall con-
ductivity) seems better able to predict the correct
average velocity and gives a closer match to the

actual velocity profile. However, for values of

®_Ha > 1. the second order central difference pro-
gram written to solve Egs. (34)-(36) no longer
converges but becomes oscillatory. Some limited
analysis of the system of equations indicates that
this may be a property of the equations them-
selves and not the numerical algorithm.

The highly conducting wall cases (® Ha = 100)
are pictured in Fig. 9. For weak interaction in the
FDFF results. the ID and 2D-u models erro-
neously predict significant interaction. This is a
direct result of the Hartmann assumption forcing
MHD interaction at very low £ due to the contri-
bution of wall conductivity. The inordinately
strong MHD effect, and resulting slow average
velocity, will give film heights which are far from
correct, by over an order of magnitude. The 2D-
ub case still converges in the weak interaction casc
and accurately predicts both the shape of the
velocity and the correct average velocity. This
means that the onset of the magnetic body force is
correctly determined by this model.

In the strong interaction regime (Haf~ x 400).
it is seen that the core 1s once again adequately
predicted by the H-A technique. However. the
large velocity jets which are now carrying an
appreciable portion of the flow, are again not
predicted. Thus the average velocity is again
grossly underestimated and f will be equally as
incorrect. The 2D-ub model does not converge in
this case.

Of course, the H-A technique assumes the flow
to be fully dominated by MHD forces. This is not
always a safe bet in wide thin film flow, even at
the field strengths representative of magnetic fu-
sion devices. From the point of view of velocity
similarity, the H-A technique is unable to predict
the formation of velocity jets at the free surface.
Depending on the parameters of the flow. this can
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Fig. 9. Comparison of H-A velocity profiles to FDFF results in
a highly conducting (Ha®, = 100) channel for Ha = 10, and Q
(or alternatively Ha/t?) equal to {a) 1077 (0.5) and (b) 10~
(4001

be a significant omission. For insulated channels,
discrepancies in velocity profiles do not seem to
affect the average velocity prediction to a severe
degree, but conducting channels are dramatically
affected in all regimes. Method 2 for handling
wall conductivity seems to give more realistic
results, both in predicting velocity jets and in
average velocity determination. Its use, however,
above ® Ha =1 seems to be hmited. Method 2
also results in a more complicated system than the
simpler « averaging, since a coupled differential
equation system must be solved.
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Since the velocity jets are parabolically dis-
tributed in -, one can envision using a combined
Hartmann/parabolic z-profile for averaging the
governing equations, thus allowing more accurate
simplified solutions for the height and velocity.
This in essence is what was done by Shishko [18].

u(x,y,z)=14(x,y)  (Hartmann - f(1)
+ parabolic - (1 — f(¥))) (37)

where f(y) varies from zero to one depending on
the relative magnitude of the specific profile. Thus,
in the surface jet layer / would be close to zero,
while in the core region it would be near unity.
Shishko’s variational method of determining /(1)
proved to compare well with FDFF resuits. The
relation for f in the linear region proved accurate
as well. However, possibly a simple function for
f(v) could be found so that the combo-averaged
technique could be used to derive simple relations
for developing-film models that reflect to a better
degree the velocity profiles that have been deter-
mined for fully-developed flow. It should be noted
that this comparison was only for purely coplanar
fields. The H-A models are not suited to the
oblique field case.

4.2. Uniform film height compuarison

As seen in the H-A model equations (Egs.
(30)-(36)). the value of f is also determined.

Indeed it was necessary to determine the value of

f first (or at least concurrently) before solving for
the velocity profiles, since the velocity equations
require that f be known.

For insulated channels (the f profiles as a
function of Q. typical examples shown in Fig. 10).
qualitative agreement between all the H-A meth-
ods and the FDFF results is seen over the majority
of the flowrates considered. This was anticipated in
the previous section because the full averaged
velocity was seen to be closely predicted by the
H-A models. Especially in the weak and strong
interaction regimes. good agreement is seen. It is in
the medium interaction regime. Haf* = 10 to 30,
that the largest deviations are seen, because the
velocity dependence on - deviates most from the
flat Hartmann profile. This deviation is seen in Fig.
11, where the strong and low interactions more

closely correspond in shape to the flat Hartmann
profile, while the medium regime is more parabolic.
Looking back to Fig. 10(b), the maximum devia-
tion in the medium interaction regime is seen to be
about 23% and 18% for Ha = 10* and 10° respec-
tively for the 2D models. The 1D parabolic model
gives the best estimation in this region, with the
error reduced by a third to a half for the cases
examined. Oblique angles result in a much greater
deviation, up to a factor of 2 for a = 5°.
Conducting walls behave a lot worse in the weak
interaction regime. Overestimation of the onset of
MHD force has the f overestimated by several
orders of magnitude. This situation can be seen in

1
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Fig. 10. Comparison of H-A f profiles to FDFF results in
insulated channels for Ha=10* for (a) the full range of
flowrates and (b) flowrates that give maximum deviation be-
tween H - A and FDFF.



N.B. Morley. M. 4. Abdow  Fusion Engineering and Design 30 (1995) 339-356 353

0.8 N

0.6 1

u/u,,,

o
0.4} ——— Hartmann profile -
r Hag® = 0.5
L - - - Hag" =10
-
b
b

0.2 -.—.— Hag"' = 400 ]

0.0 1
-1.0 -0.5 0.0 0.5 1.0

(a) z

0.8

0.6

u/u,,,

T T T T T T T T

T
1

0.4 !

0.2+ | -

0.0f .
~1.0000
b)

-0.9996
z

" L
-0.9998 -0.9994 ~0.9992 —0.999¢

Fig. 11. Comparison of actual - velocity dependence with the
Hartmann profile for low. medium and strong interaction
regimes: (a) over the whole channel width and (b) near the
o= —1 sidewall.

Fig. 12 below the jump point in Q. At the jump
point, @ ~ Ha *° the flow can undergo a rapid
reorganization into core flow. accompanied by a
jump in film height. Actually. a region of multi-
valued f forms in this area. where the film height
is likely to jump between competing values (this
phenomenon 1s discussed more thoroughly in
Refs. [5.8]). Owing to this jump in f. there is no
medium Interaction regime to speak off (notice
that the medium interacting regime was omitted
during the velocity comparisons for high wall
conductivity). The jump phenomenon is not pre-
dicted by the H-A models. The jump itself can be
interpreted by observing the fact that the strong
interaction prediction of f i1s so much larger than
that of the weak interaction regime. and so a

multiple # region is formed, being large or small
depending on the direction of flowrate from which
Qjump 18 approached.

In the strong interaction regime, the value of g
predicted by the models differs from the true
value by a constant. This constant accounts for
the percentage of the flow that is carried out by
the parallel layer velocity jets. It is possible to
determine a correction for the H-A models by
using FDFF to determine the percentage of flow in
the parallel layer jets. Thus we see that

8 ./Ha®,
Beorrected = /))uncnrrcclcd - 6 \i'f-—(l): (38)
for conducting sidewalls with an insulated sub-
strate. This corrected £ is shown in Fig. 12, where
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Fig. 12. Comparison of H-A f profiles to FDFF results in
conducting (Ha®, = 100) channels for Ha = 10* for (a) the full
range of flowrates and (b) flowrates greater than Q.-
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good agreement is seen with FDFF results. Owing
to the large values of ff in the strong interaction
regime, even for Ha at the low end of the range
given in Table I, the practical application of this
correction for fusion is in doubt. Flows will have
to operate in the weak interaction regime, so that
f will not get unacceptably large, if film flow at
the uniform film height is required.

When the field angle » is not exactly zero.
regime 3 flow can still be generally predicted by
the H-A models by substituting Hacos 2 for
Ha. There is still an error of a constant for
conducting channels, this constant being different
from that used for the purely coplanar field due
to the change in shape of the velocity jets. From
Fig. 12 we can estimate the new constant to be
1.88 instead of § for the coplanar case. This
constant is not as generally accurate for different
parameter values as that for coplanar flow be-
cause of errors in the estimation of the peak jet
velocities.

Regime 2 flow is of a totally different charac-
ter than regime 3 and the exactly coplanar flows.
and should be averaged differently in order to
get an accurate representation. In fact, we see in
Fig. 5§ and Fig. 6 that, for the range of film
dimensions considered, the flow is likely to be
exclusively in regime 2 when the field angle is
around 4-5° or greater. This means that the
presence of the toroidal field is superfluous in the
computation of the f for a given flowrate (pro-
vided that f is small). In this regime then, the
whole idea of averaging over the width with a
Hartmann profile is simply not the correct ap-
proach. Instead, the assumption of an infinitely
wide film, with only the y-field component.
B*sin x, retained in the governing equations is
more appropriate. Such a model. though even
more complex than what is described here. is
given in Ref. [15]; unfortunately. this did not
appear in the final published version [4]. For
films in regime 2, this type of model is more
relevant and should be used instead of coplanar
film models in design of film divertors.

The conclusion of this section is that in the
strong interaction regime. Haf? > 100, the Hart-
mann-averaging technique is successful in pre-
dicting the behavior of the core flow when the

field is exactly aligned with -. For insulated walls
this means that f as a function of Q is predicted
with fair accuracy. This accuracy increases with
increasing Ha, since the velocity jet at the surface
thins, but does not increase in magnitude. For «
slightly larger than zero, f is still adequately
predicted by using only the - component of the
field in Ha. This is true only for regime 3, where
the flow is dominated by -; in regime 2 the
character of the flow is different and should be
treated as wide open flow with no sidewalls. For
conducting walls, the flow quantity in the paral-
lel layer jets can carry a significant portion of
the total flow, this jet is not predicted by the
H-A models, except model 2D-ub which is lim-
ited in practical range of wall conductance. The
lack of the surface jet results in an overpredic-
tion of fi. A correction term that takes into ac-
count the size of the velocity jets is given in Eq.
(38) and works well for flows past the jump
value of Q.

S. Concluding remarks

The application of a fully-developed, MHD,
open-channe! flow model to evaluate the prospect
of protecting the surface of a tokamak divertor
has been discussed. It is difficult to summarize all
the points of interest in this paper due to the
variety of different phenomena discussed. In gen-
eral, an attempt to list the significant conclusions
was included at the end of each section. Most
important is the observation that flows in the
complicated field geometries near the divertor will
likely be of the regime 2 type, where the main flow
variables will be determined by the effect of the
smaller v component of the external magnetic
field, rather than the larger - component. The
applicability of the Hartmann-averaging tech-
nique to this regime is inappropriate. Even for
regime 3 flow, the Hartmann-averaging technique
tends to overestimate the film height due to its
failure to predict the flow in parallel layer velocity
Jets. This is especially true for electrically conduct-
ing channels. where these jets can be large. The
accuracy of the averaging technique is increased
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in regime 3 if a combination of parabolic and
Hartmann profiles are used to average the govern-
ing equations.
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Appendix A: Nomenclature

a channel width with walls at +«/2 (m)
dimensionless v component of induced
magnetic field, B! ‘u, p, (ap) *

B induced or applied magnetic induction (T)
¥DFF  fully-developed film flow

Sa

g acceleration of gravity (ms “)

h uniform (fully-developed) flow height (m)

Ha Hartmann number. B(a 2) (o ipv)' -

0 dimensionless flowrate, Q/(2(a.2)* g sin ¢/
V)

Re Reynolds number (u, .11 v)

i dimensionless velocity. u (a 2)g

sin ;v (ms ")

¢ fluid velocity, &= [u. v, w] (ms ")

X coordinate along the main direction of the
flow (longitudinal)

v coordinate normal to film substrate (trans-
verse)

z coordinate perpendicular to flow but in
the plane of the substrate (coplanar)
<D channel width average brackets

Greek letters

x angle of applied magnetic field to -
p normalized film height. /1 (¢.2)
() wall conductance ratio, a,a, aa’2)

e magnetic permeability (Hm ')

v Kinematic viscosity (m?s~!)

0 mass density (kgm )

ar  fluid, wall electrical conductivity (Q m)~'
0 angle of channel to horizon

. combined flow functions, &+ &
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