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A consistent and conservative scheme designed by Ni 
et al.  for the simulation of MHD flows with low magnetic 
Reynolds number has been implemented into a 3D 
parallel code of HIMAG based on solving the electrical 
potential equation. The scheme and code are developed 
on an unstructured collocated mesh, on which velocity (u), 
pressure (p), and electrical potential ( ) are located in 
the cell center, while current fluxes are located on the cell 
faces. The calculation of current fluxes is performed using 
a conservative scheme, which is consistent with the 
discretization scheme for the solution of electrical 
potential Poisson equation. The Lorentz force is 
calculated at cell centers based on a conservative formula 
or a conservation interpolation of the current density. We 
validate the numerical methods, and the parallel code by 
simulating 2D fully developed MHD flows with analytical 
solutions existed and 3D MHD flows with experimental 
data available. The validation cases are conducted with 
Hartmann number from 100  to 104 on rectangular grids 
and/or  unstructured hexahedral and prism grids.  

I. INTRODUCTION 

The simulation of magnetohydrodynamic (MHD) flows at 
high Hartmann numbers has been a topic of great interest 
in the development of a fusion reactor blanket3, 4. The 
self-cooled liquid-metal blanket5 and dual coolant lead 
lithium (DCLL) blanket6 use liquid lithium or the eutectic 
alloy Pb-17Li as the coolant and breeding material. To 
design self-cooled liquid metal or DCLL blankets for 
fusion reactors, one must have a predictive capability for 
MHD flows at high Hartmann numbers7.

MHD in duct flows has been extensively studied by 
asymptotic theory and numerical simulation8-11. The 
square of the Hartmann number Ha is the ratio between 
the electromagnetic and the viscous forces. It is a measure 
of the magnetic field strength for a given fluid in a duct of 
a given scale. The thickness of the Hartmann layers on all 
walls normal to field scales with Ha-1 and so are very thin 
for high Ha flows. The side layers on all walls parallel to 

the magnetic field scale with Ha-1/2 and are much thicker 
than the Hartmann layers at high Hartmann numbers. 
Resolving these layers for conditions relevant to fusion 
requires a very fine mesh. For unsteady flows, the time 
step is proportional to the smallest grid size, making the 
cost for MHD at high Hartmann numbers is very high.  

The flow of electrically conducting fluid under the 
influence of an external magnetic field is governed by the 
following Navier-Stokes equation and continuity equation, 
which represent the conservation of momentum and mass: 
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0u  (2) 
Here u, p are the non-dimensional velocity vector and 
kinetic pressure scaled with 0v  and 2

0v  respectively. 
With L defined as characteristic length, LvRe 0  is 

the Reynolds number, 0LBHa  is the Hartmann 

number, and ReHaN 2  is the interaction parameter. J
represents the current density, and B is the applied 
magnetic field, scaled with 00 Bv  and 0B  respectively. 
Also we define the magnetic Reynolds number here as 

0LvRem , where  and  are the fluid viscosity 
and conductivity respectively.  is the magnetic 
permeability of the fluid and the walls, and  is the 
density of the fluid. The term BJN  is the Lorentz 
force, which is a volume force in a non-conservative form 
in the momentum equation Eq. (1).  

For low magnetic Reynolds numbers, the flow of 
electrically conducting fluid under the influence of an 
external magnetic field with negligible induced field, the 
current density can be calculated through Ohm’s law12, 13:

BuJ  (3) 
The current density is conservative, such that: 

0J  (4) 
From Eqs. (3) and (4), we can get the electrical scalar 
potential equation as: 
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Bu  (5) 
For incompressible MHD flow, the numerical scheme 

used by Sterl14 on a uniform staggered rectangular grid 
system is limited to low Hartmann numbers and simple 
geometries. The scheme used by Leboucher15-17 on a 
nonuniform fully staggered rectangular grid system is 
limited to simple geometries and uni-directional applied 
magnetic field. The schemes used by Mistrangelo18,
Piazza19, and Aleksandrova et al. 20 on a collocated grid 
system are not current density conservative, which may 
have  problems getting a conservative current a high 
Hartmann number MHD flow.  

(a) A Rectangular Collocated Grid 

(b) An Unstructured Collocated Grid 

Figure 1: Illustration of Computation Cell for MHD 

A consistent and conservative scheme or a current 
density conservative scheme is developed on a 
rectangular collocated mesh1 as shown in Fig. 1a and on 
an arbitrary unstructured mesh2 as shown in Fig. 1b. In 
this collocated grid, velocity (u), pressure (p), and 

electrical potential ( ) are located in a grid center, while 
current fluxes are located on cell faces. The scheme used 
to calculate the current flux should be “consistent” with 
the scheme used in the electrical potential Poisson 
equation. A consistent scheme is necessary to get 
divergence-free current fluxes on cell faces of a control 
volume. The Lorentz force is calculated based on the 
conservative current density fluxes using a conservative 
formulation of the force or a conservative interpolation of 
current densities to the cell centers. When the applied 
magnetic field is constant, the total momentum 
contribution from the Lorentz force calculated from the 
consistent and conservative scheme is zero or just 
dependent on the boundary conditions.  

We will validate that the consistent and conservative 
scheme has a good resolution at the side layers and the 
Hartmann layers, even at high Hartmann numbers. In this 
paper, a general second-order projection method21 is used 
to conduct the simulations of incompressible Navier-
Stokes equations.  

II. Validation of Consistent and Conservative Scheme 

There exist some exact solutions for fully developed 
incompressible laminar flows in ducts with transverse 
magnetic fields, such as (1) Shercliff’s solution for 
rectangular ducts with non-conducting walls and the field 
perpendicular to one side9; (2) Hunt’s solution for 
rectangular ducts with two non-conductive side walls and 
two conductive Hartmann walls10. These two solutions 
will be used in this paper to verify our methods and code 
mentioned above. Hunt’s formula has been reformulated 
in Ref. 1 for the sake of numerical calculation using 
computer code at high Hartmann number. Considering 
that Shercliff’s case is a special case of Hunt’s case, the 
reformulated Hunt’s formula can also be used to get the 
exact solution for Shercliff’s case.  

II.A. Shercliff’s Case 

The Shercliff’s case with all of the walls insulated is 
simulated. We present some preliminary results from a 
fully developed flow calculation at Ha = 1000 and Re = 
10, a dimensionless mass flow rate of 4 and a pressure 
gradient from Shercliff’s solution (with appropriate 
numerical implementation) of -102.88.  

We present a comparison between the Hartmann 
layer and side layer structure from Shercliff’s analysis 
with the present conservative/consistent scheme solved on 
both a coarse (33×33 nonuniform cells) and fine mesh 
(66×66 nonuniform cells) solutions in Fig. 2a and 2b. As 
can be seen the comparison is better than 0.1% for the 
fine mesh case. The solution on the coarse mesh indicates 
an error of about 0.5% in mass flow rate and peak 
velocity with uniform convergence.  

Jn

Jn

JnJn

Jn

Jn
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Figure 2: A comparison of numerical and exact 
solutions at Ha = 1000 

Figure 2c shows the comparison between Shercliff’s 
analytical results and numerical results for the fine mesh 
where we can see the velocity from the consistent and 
conservative scheme (labeled as Scheme I) matches the 
analytical result well., Various non-conservative schemes 
(labeled as Scheme II Scheme III and Scheme IV), which 
have similar features as in Refs. 18-20, either calculate 
lower velocities compared to the Shercliff’s analytical 
result or give good results in the core flow but a non-
physical velocity jump in the Hartmann layers. The 
comparison demonstrates a very good computational 
accuracy of the consistent and conservative scheme.  

(a) An orthogonal mesh with core-perturbation 

(b) Mass flow rate convergence 
(exact solution: Q = 4) 

Figure 3: Shercliff’s case with Ha = 300 on an orthogonal 
mesh with core-perturbation 

We now consider a fully developed flow calculation 
on a generally orthogonal mesh, but with some core cell 
geometric perturbations (Fig. 3a) at Ha = 300 and Re = 10 
with a pressure gradient of -31.67 specified which 
corresponds to a mass flow rate of 4 from Shercliff’s 
solution. On the mesh of Fig. 3a, the consistent scheme is 
used to conduct the calculation of the current fluxes on 
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the cell faces, which meet the condition of the divergence 
free of the current density in a controlled volume. The 
Lorentz force is calculated based on the conservative 
formulation (which can conserve the momentum at an 
arbitrary mesh) represented as “NGRAD = 5”, the simple 
interpolation (which is equivalent to the Scheme I in a 
rectangular grid and can conserve current density and the 
momentum only on a rectangular grid, but not on a 
skewed grid ) represented as “NGRAD = 4”, and the non-
conservative scheme (which is equivalent to the 
nonconservative scheme II in a rectangular grid and 
cannot conserve the current density and momentum at any 
kind of mesh – Scheme II ) represented as “NGRAD = 3” 
in Fig. 3b. Fig. 3b tells us the Lorentz force calculated 
based on the conservative formulation can be used to get 
an accurate result, which matches well with the analytical 
results on the skewed grids. However, the simple 
interpolation cannot get an accurate result for MHD even 
at Ha = 300; while the Lorentz force from the non-
conservative scheme gives the value of flow rate with the 
most deviation from the actual result.  

d: Triangular grids and current streamlines 

b: along the middle line normal to the Hartmann walls 

c: along the middle line normal to the side walls 

d: Velocity profile 

Figure 4: Velocity profile and current streamlines for Ha
= 1000 on a triangular mesh

Generally speaking, the current fluxes on the cell 
faces calculated using the consistent scheme are locally 
conservative in a control volume. The Lorentz force 
calculated based on the conservative current density 
fluxes is accurate. The consistent and conservative 
scheme on a collocated mesh can be employed to do 
simulations of MHD flows at high Hartmann numbers.  

II.B. Hunt’s Case 

II.B.1. fully developed flow with Ha = 1000 on a 
triangular mesh 

We now consider the fully developed flow in a 
square channel with Re = 10, Ha = 1000 for Hunt’s case 
with the walls perpendicular to the applied magnetic field 
assumed to be conducting with a wall conductance ratio 
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cw = 0.05, while those parallel to the applied magnetic 
field are electrically insulated. 

The pressure gradient is given as a constant of -1000. 
A triangular mesh (shown in Fig. 4a,) is used in which the 
Hartmann layer region is resolved with cells having 
minimum size 1/(3Ha), and maximum size 1/Ha. The grid 
also resolves the side layers with cells having a minimum 
size of 1/(3Ha1/2), and maximum size of 1/Ha1/2.

The comparison between the numerical results and 
the Hunt’s analytical solution is illustrated in Fig. 4. Fig. 
4b presents the comparison of the velocity along the 
center line normal to the Hartmann walls. The numerical 
results match well with the analytical results. Fig. 4c 
presents the comparison of the velocity along the center 
line normal to the side walls. The numerical results also 
match well with the analytical results. The velocity profile 
and the current distribution are given in Fig. 4d and 4a. 
Fig. 4a clearly shows the calculated current is 
conservative on the triangular mesh.  

II.B.2. A case study of Ha = 10,000 

We present here some observations on the calculation 
of Ha = 10,000 and Re = 1000 flow in a square duct. This 
is a large Hartmann number by the standard of full MHD 
simulations in 3D. We experimented with fully developed 
flow calculations in the cross section, as well as the three-
dimensional developing flow situation. A channel of 
dimensions 2×2 is enclosed with walls with a thickness of 
0.1 on all sides and resolved with a 67×67 cell non-
uniform mesh having 4 cells in the Hartmann layer. The 
3D mesh uses 20 mesh points over a length of 20 units. 
Pressure is held fixed at the exit plane, while the electric 
potential is held fixed at the inflow.  

(a) Pressure Distribution 

(b) Current Distribution 

(c) Comparing with Hunt’s Result 

(d) with detailed view in side layer 

Figure 5: Computed velocity profile and current lines for 
fully developed flow at Ha = 10,000 in a square duct 
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Again, the Hartmann walls are assumed to be 
conducting with a wall conductance ratio cw = 0.05 and 
the side-walls are insulated. The magnetic field ramps up 
at x = 5.  

We first present here results from the fully developed 
flow calculations. The fully developed flow simulations 
used a zero velocity at time t = 0, with a pressure gradient 
of -1000 to drive the flow. A mass flow rate value of 
0.208 was observed in the fully developed flow situations. 
This compares well with Hunt’s solution, which gives a 
flow rate of 0.203. 

The 3-D case used a fixed mass flow rate of 4 at the 
inflow with a double parabola profile. This simulation is 
performed on a parallel cluster with 16 processors. The 
axial pressure distribution is illustrated in Fig. 5a with a 
pressure gradient of 1990.62 observed in the fully 
developed region, which is very close to the Hunt’s 
analytical value of 1972.26. The convergent current 
distribution in the fully developed region is shown in Fig. 
5b.  Figure 5c gives the comparison between our results 
and Hunt’s analytical results. Figure 5d zooms in the side 
layer. The numerical results from the consistent and 
conservative schemes on a collocated nonuniform grid 
match very well with Hunt’s solution. The figure clearly 
shows the jets forming in the side layers.  

II.B.3. Fully 3D simulation – comparison with an 
experiment for circular pipe flow 

In a fusion blanket, 3-D effects are unavoidable and the 
flow profiles have a strong influence on heat transfer and 
corrosion rates. It is essential to validate the fully three-
dimensional prediction of the present algorithm for a fully 
3D MHD flow.  While no exact analytical solution exists 
for 3D MHD flows of interest, experimental data from 
Refs. 22-23 for a MHD flows in a circular pipe with an 
axial distribution of the magnetic field varying with either 
rapid or slow spatial variations is used to compare with 
the computational results from the consistent and 
conservative scheme for MHD flows. The coordinate X is 
an axial distance from the edge of the magnet pole face, 
non-dimensionalized by the duct half-width.  

In Ref. 22, two sets of experimental data are reported 
on the MHD flows in a circular pipe (Fig. 6a). We 
simulate the case with a higher Hartmann number and a 
higher interaction number MHD flow. The detailed 
parameters corresponding to this case are listed here. The 
radius is a = 0.0541 m. The working fluid has density  = 
865 kg/m3, electrical conductivity  = 2.86×106/( m), 
viscosity  = 8.2175×10-4 kg/(ms). The thickness of the 
wall is tw = 3.01×10-3 m, and the conductivity of the wall 
is w = 1.39×106/( .m). The conductance is cw = 0.027. 
The applied magnetic field is a spatial variable with the 
maximum value Bmax = 2.08 T. The inlet average velocity 
is U = 0.07 m/s. The non-dimensional parameters can be 
calculated as: Ha = 6640, N = 11061, Re = 3986.  

The calculated results and experimental results are 
shown in Fig. 6. The solid curves in Fig. 6 are the results 
of the 3-D simulations done using the code of HIMAG24

utilizing the consistent and conservative scheme for MHD 
flows. HIMAG is a parallel code mainly developed for 
MHD simulations at low magnetic Reynolds numbers. 

Figure 6b presents the axial pressure gradient 
distribution along the side wall (perpendicular to the 
applied field) and along the top wall (tangent to the 
applied field). The pressure gradient in the Hartmann 
layer (along the side wall) is higher than it along the top 
wall in the fringing region. This difference of the axial 
pressure gradient between the side wall and the top wall is 
clearly shown in Fig. 6c. Figure 6c presents the pressure 
difference distributions between the pipe locations tangent 
to and perpendicular to the applied field for roughly the 
same conditions covered in Fig. 6b. In an ordinary fluid 
flow without a magnetic field, or in a fully developed 
flow inside a uniform field, the transverse pressure 
difference is zero. While the agreement between the 
experimental data and the 3-D code prediction is 
generally very good. The computed maximum pressure 
difference is slightly smaller than it from the experimental 
data, which shows that the computed axial pressure 
gradient at the Hartmann wall is likely smaller than that 
measured in the experiment.  

Fig. 6d presents two axial velocity distributions from 
the numerical simulations compared with the 
experimental data. The lower data in the figure were taken 
at the duct centerline z = 0 (z = 1.0 at the duct wall). The 
upper data were taken at z = 0.9. The agreement between 
the experimental data and the simulation results is 
excellent. This figure shows dramatically the low velocity 
core region near the inlet to the magnet (lower data set) 
and the high velocity jet region near the walls (upper data 
set).  

Figure 6e shows the 3D velocity profiles at different 
positions along the axial direction, which illustrates the 
transition of the MHD flow from inlet developing flow to 
outlet fully developed flows.  

III. CONCLUSIONS 

A consistent and conservative scheme designed for 
MHD flow simulations with low magnetic Reynolds 
numbers on an arbitrary collocated mesh has been 
implemented into a 3D parallel code – HIMAG. The 
consistent scheme can ensure the calculated current 
density fluxes on the cell faces of a control volume are 
divergence-free. These conservative current density fluxes 
are used to accurately calculate the Lorentz force at the 
cell centers based on the conservative formulation of the 
force or the conservative interpolation of the current 
density. The Lorentz force is conservative, which can 
ensure the total momentum contributed from the Lorentz 
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force is conservative when the applied magnetic field is 
spatially independent.  

We validated this consistent and conservative scheme 
and the HIMAG code by simulating the fully developed 
MHD flows for which analytical solution exist, as well as 
3D MHD flows with a spatially varying applied magnetic 
field for which experimental data are available. Our 
numerical results match well with the analytical solution 
and experimental data for a range of Hartmann numbers 
relevant to fusion conditions    

Future work includes the continued validation and the 
application of this code to numerical simulations of 3D 
fusion blanket features with multiple materials and 
complex geometries such as flows with Flow Channel 
Inserts and manifold flow distribution regions 

a. Sketch for computation geometry 

b: Pressure gradient comparison  

c: Transverse pressure difference  

d: Velocity profiles 

e: Velocity profiles along the channel

Figure 6: Fully 3D computations comparing with 
measurements 
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