
Modeling infinite/axisymmetric liquid metal
magnetohydrodynamic free surface flows

Neil B. Morley �, Sergey Smolentsev, Donghong Gao

Mechanical and Aerospace Engineering Department, University of California at Los Angeles, UCLA, 43-133 E4, Box 951597, Los

Angeles, CA 90095-1597, USA

Abstract

Over the past several years, as part of the Advanced Power Extraction (APEX) project, liquid metal

magnetohydrodynamic (MHD) film and jet flows have been modeled using the assumption of axisymmetry to simplify

the governing equations to a more tractable two-dimensional (2D) form. The results of these 2D simulations as they

pertain to liquid wall and divertor flows is presented here. The effect of toroidal field gradient on the flow thickness is

shown to be rather small for thin fast first wall (FW) flows on electrically insulated backwalls, but streamwise currents

generated by flow across the toroidal field gradient can interact with radial magnetic field components to produce

toroidal motion with strong shear across the flow depth. The drag effects from flow across the toroidal field gradients

become much stronger if thicker flows are considered. Concerns about surface stability due to forces trying to pull the

liquid off the backwall also become much more severe for thicker flows or flows with conducting walls. Plans for

continued work with three-dimensional models are discussed.
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1. Introduction

Liquid Metal (LM) flows with a free surface in a

magnetic field are used in several different en-

gineering applications*/we note specifically me-

tallurgical processes, such as continuous casting of

steel where the liquid motion is controlled by a

static magnetic field [1], and also various cooling

concepts for magnetic fusion reactors, where liquid

layers interact with plasma confinement fields.

Recently, the ‘liquid wall’ concept has had a

significant place in the Advanced Power Extrac-

tion (APEX) study [2]. For example, in the

Convective Liquid Flow First-Wall (CLiFF) de-

sign, LM, such as lithium (Li) or tin (Sn), is

injected poloidally at some location in the plasma

chamber to form a thin flowing film. The layer

moves over the reactor walls, and is removed in

some fashion from the chamber at a different

poloidal location. The attractiveness of this idea

stems from the removal of high surface heat loads,

protection of the reactor First Wall (FW) from
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sputtering erosion, and elimination of peak ther-
mal stresses in solid FW components [2].

However, practical realization of this idea

requires detailed knowledge of the free surface

flow behavior over complex geometry guiding

structures and in the presence of strong magnetic

fields. The magnetic field in a real reactor envir-

onment exhibits both temporal and spatial varia-

tions and generally has three components with
respect to the main flow direction. In addition, the

toroidal shape of a classic tokamak reactor has

double curvature, in the poloidal and toroidal

directions. In spite of the diversity of tokamak

configurations, however, the common feature of

all basic designs is the near-toroidal symmetry of

the reactor vacuum chamber and reactor field that

allows liquid wall concepts with no toroidal breaks
to be treated as axisymmetric, i.e. with no varia-

tion with the toroidal coordinate. While the

assumption of axisymmetry is an idealization*/

real reactors require penetrations for plasma

fueling and heating, and inlets and outlets for

liquid flow that thread between toroidal field

coils*/it is a powerful tool for simplifying the

magnetohydrodynamic (MHD) equations to a
two-dimensional (2D) form.

Over the past couple years, the assumption of

axisymmetry has been used for the modeling of

flows related to the APEX design concepts, where

special attention has been paid to MHD effects in

liquid walls caused by the streamwise variations of

the toroidal magnetic field, multiple field compo-

nents, and curved wall topology, without referring
to a particular design. This work, which has been

presented at APEX meetings, but has been largely

unpublished, is reported here.

To our knowledge, the theoretical data pub-

lished on free surface flows in non-uniform

magnetic fields are scarce and restricted to jet

flows [3,4] or film flows in particular fusion

applications [5]. It should be noted that various
studies have been performed for non-uniform

MHD flows in closed channels caused by a

space-varying magnetic field, changes of the flow

orientation or variation of the cross-sectional area.

Detailed review of these studies has been presented

in classic books on MHD [6�/8] and journal papers

[9]. Both magnetic field and geometry variations

give rise to a streamwise electric potential differ-
ences, which drives current in the streamwise

direction. These currents, while interacting with

the magnetic field, produce electromagnetic forces

driving the liquid from the core to the channel

periphery resulting in the ‘M-shaped’ velocity

profile and increased MHD pressure drop. Similar

effects and new ones manifesting themselves in the

changes of the flow thickness can be expected in
flows with a free surface but their theoretical

analysis is more complicated because of the need

of calculating the free surface location simulta-

neously with the other flow variables.

2. Axisymmetric governing equations

In general we will use the terms ‘axisymmetric’

and ‘infinite’ in an interchangeable way. In reality

axisymmetric flows will have some element of
curvature associated with them, but for the most

part we will assume that curvature is small and

approximate such flows in Cartesian geometry

with the x �/y plane representing the poloidal

plane, and with z in the toroidal direction. (A

more general model formulation that accounts for

curvature effects is described in [10]).

For axisymmetric flows then we make the
assumption that @/@z�/0 to simplify the Navier�/

Stokes equations. The convenience of the axisym-

metic assumption in MHD is that it decouples the

effect of magnetic fields applied in the direction of

the axisymmetry (toroidal) form those in the

poloidal plane. The governing equations in 2D

axisymmetric form can be written as:

D �v
Dt

��
1

r
9�p�n92

� �v� �g�
1

r

� ( �j��Bzẑ� jzẑ� �B�)�
1

r
�j�� �B� (1)

9� � �v�0 (2)

where v , p , and B are the velocity, pressure and

applied magnetic induction; �/ denotes the x �/y

plane; D/Dt is the convective derivative; and r , n ,

g are the density, kinematic viscosity and accel-

eration of gravity all assumed constant in this
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work. This formulation keeps all three compo-
nents of the velocity and magnetic field. The

magnetic terms are separated in such a way to

show forces acting in the poloidal plane (1st term)

and forces acting in the toroidal direction (2nd

term).

The model of electric currents can be ap-

proached most effectively following a hybrid

approach, where j� is calculated from a stream
function, and jz is calculated from Ohm’s Law:

�j��9�H ẑ (3a)

jz�s( �v�� �B�) (3b)

where H is the stream function for poloidal

current (i.e. the z -directed induced magnetic field

intensity due to poloidal currents) and s is the

electrical conductivity of the LM. Eq. (3b) is
sufficient for the calculation of jz since in an

axisymmetric 2D flow the electric field drops out,

as toroidal currents are able to loop around the

entire torus. But an induction type equation is

necessary for H and can be formulated based on

the z -component of the curl of Ohm’s Law, giving:

1

s
92H�( �n � 9�)Bz�( �B � 9�)w (4)

It is assumed here for the presentation of the

equations that the induced magnetic field is small

compared with the applied field, but this is not

necessarily true in all cases (some of the numerical

formulations utilized later in fact do not make this

assumption).

The equations can be made dimensionless by a

judicious selection of characteristic values (de-
noted by � symbol), U�, B�, L�, L�/U�,

r (U�)2, s�U�B�, sL�U�B� for velocity, applied

field, length, time, pressure, current density, and

induced magnetic field intensity giving the follow-

ing system:
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where u (x , y ) is the local angle of the flow to

gravity, and Re�/U�L* /n , Ha�/B�L*�(s /rn ),
and Fr�/U�2/gL . One reason that the j� formula-

tion is done in terms of H and not an induced B is

so that an additional parameter including mag-

netic permeability (such as the magnetic Reynolds

number) is not needed. Deviations from this

standard model (due to toroidal curvature for

instance) will be noted as needed.

3. Effect of spatially varying toroidal magnetic field

Focus is placed in this section solely on the

effect of variations in the toroidal field, with

contributions of other field components neglected,

so that �B�(0; 0;Bz(x; y)) is assumed. In this case,

there is no source for motion or current in the

toroidal direction (w , jz �/0) and Eq. (5e) for the

induced magnetic field takes on the form:

92
�H�u

@Bz

@x
�v

@Bz

@y
(6)

What is notable from the form of Eq. (6) is that the

behavior of the induced field is governed by

standard diffusion with a source term that depends

on the spatial (and temporal in a more complete

treatment) variations in the applied field. In

Cartesian geometry, if there is no variation in the
applied field, then there is no MHD effect on the

flow in this 2D treatment (aside from laminariza-

tion which is implicitly assumed). In other words,

the axisymmetric geometry has no Hartmann

layers, so that only the effects of the gradients

are studied.
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3.1. Fully developed film flow

It is possible to gain insight into some of the

behavior of this field gradient by exploring a

special case where Bz (x , y)�/C �/x . In this case

of an infinite linear gradient of the applied field

with constant strength C , the governing Eqs. (5a),

(5b), (5c), (5d), (5e), (5f), (5g) and (5h) reduced to:

d2u

dy2
��Ha2H�

Re

Fr
sin u (7a)

d2H

dy2
�u (7b)

where the characteristic field used in the definition

of Ha is based on the gradient B��/C �/L�, and

not on any local value of the field.

The solution of Eqs. (7a) and (7b) is lengthy and

is covered in detail in [11], but as can be inferred

from the equations, the resultant mass flow

depends only on the gradient value. It is this fact
that allows a fully developed (no variation in x)

solution to be reached at all. Also notable is that

the induced current is only streamwise, meaning

there are no direct J �/B retarding forces, only

forces acting perpendicular to the main flow

direction. These forces create a streamwise pres-

sure gradient that in turn affects the streamwise

flow in drastic ways, depending on the strength of
the applied field gradient. The velocity profiles for

several values of Ha are shown in Fig. 1, were at

high Ha we see the formation of an asymmetric,

free surface equivalent of the M-shaped velocity

profile seen in closed channel flows in gradient

fields, with boundary jet thickness scaling with

�Ha (but where Ha is based on the gradient!).

This asymmetric M-shaped velocity is driven

purely by the pressure gradient effects, and is the

result of the same physical effect as the so-called

magnetic propulsion idea [12] proposed to aid in

situ pumping of free surface flows in fusion

reactors. In the magnetic propulsion scheme, a

streamwise applied electrical current is injected

into the film flow. This current is oriented such

that it pushes the liquid against the supporting

wall (which could in theory be inverted to gravity),

and due to gradient in the field strength (or the

current density itself) provides a streamwise pres-

sure gradient that propels the flow along. This

applied current can easily added to the preceding

analysis through a change in boundary condition

on H , and gives changes in the velocity profile as

shown in Fig. 2. Since the strongest portion of the

streamwise pressure gradient is near the back wall,

the flow is accelerated predominantly in this

region, with relatively slower flow near the surface.

While this type of velocity profile is not ideal for

heat transfer, it remains to be seen how quickly

such profiles will developed, and how stable such a

flow will remain. It is well known that such side

layers in closed channel flow (for which this theory

is equally applicable) are unstable and lead to

enhanced mixing near the rigid boundaries [13].

Fig. 1. Fully developed velocity profiles for flow in a linear

gradient fields of various strength.

Fig. 2. Fully developed velocity profiles for flow in a linear

gradient field at Ha�/40 with various applied streamwise

current strengths D�/Iamm/B�.
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3.2. Developing film and jet flows

Several computational models [10,14,15] with

different numerical formulations have been devel-

oped to solve the developing flow Eqs. (5a�/h)

using the height function free surface tracking

method for film flows and using a volume of fluid

free surface tracking method for films and 2D jets.

The codes have been applied to several typical

fusion geometries, specifically flow along a FW,

flow along divertors, and flow in partially full exit

pipes, to assess the impact of strong field gradients

on the operation of such liquid components (see

Table 1). Only a portion of the results can be

included here, but some general conclusion can be

reached based on the modeling data.

Typical outboard liquid FW cases, in a reactor

the scale of ARIES-RS [16], will experience an

average gradient in the range of 0.25 to 1 T/m

depending on the FW geometry assumed. For the

circular arc outboard flow geometry of Fig. 3 and

field profile shown in Fig. 4, the lithium flow depth

(Fig. 5) is affected only slightly by the field

gradient drag effect1. The relative drag effect

(normalized by the liquid inertia) can be slightly

stronger for conducting walls and much stronger

for thicker or slower flows. When an alternate

Table 1

Summary of flow cases analyzed for Li/Sn

h (cm) U (m/s) 9Bz (T/m) Ha (9Bh2�s /rn ) Re (Uh /n )

First wall 2 10 0.25 9/3.25 2.4�/105/1�/106

Exit pipe 20 1 10 3.6�/104/1.3�/104 2.4�/105/1�/106

Fig. 3. Outboard first wall flow geometry.

Fig. 4. Typical normalized variation of magnetic field outboard

first wall (see Fig. 3).

Fig. 5. Efffect of toriodal filed gradient on depth of first wall

flow (see Table 1) and poloidal current contours.

1 Note that this calculation includes the effect of expanding/

contracting flow area that requires a rather complicated

generalization of Eqs. (5a), (5b), (5c), (5d), (5e), (5f), (5g) and

(5h).
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liquid like Sn is considered, the drag effect is much

reduced due to the greater density (inertia) of Sn,

and for these conditions no change in film height is

observed.

While this result is positive, there is a concern

that arises from the fact that the streamwise

currents flow in one direction near the surface

and in the opposite direction near the back wall

(see Fig. 5). This current pattern results in a force

near the surface that tries to pull the liquid into the

plasma. This force integrates to zero over the

entire depth of the liquid film if the back wall is

electrically insulated, but may have implications

on the surface stability of the flow [11]. If the back

wall is conducting, there will be a net force pulling

or pushing the liquid relative to the wall [17] and

issues of flow detachment arise.

Modeling of this stability effect is continuing,

but some initial results for FW flows at relatively

low Reynolds number are shown in Fig. 6, where a

small perturbation in a Sn flow grows rapidly in

the 1/R field gradient. For Li the disturbances

develop even faster. Increasing the velocity slows

down this process considerably, and Sn has been

shown to be relatively stable for the FW para-

meters listed in Table 1.

Another fusion relevant case, that of gravity

flow out of drain pipe between toroidal magnetic

field coils, experiences a considerably more dra-

matic effect owing to the large field gradient, see

Table 1. While the assumption of an infinite

channel is not as applicable to flows of this type,

it is still useful to observe the strong effect on such

flows, and realize that the actual drag will be

stronger due to the neglected Hartmann drag

effect. This work is covered in detail in [18], but

a typical case given in Fig. 7 depicts the violent

Fig. 6. growth of small disturbance on Sn first wall flow with

Ha�/7 and Re�/5�/104.

Fig. 7. Free surface flow in exit pipe through a very strong field

gradient (from [17]).
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stability and drag effect that comes from flow

through such a strong field gradient.

The so-called magnetic propulsion current dis-

cussed earlier can be added to both of the above

cases. Calculations (see Fig. 8) and recent experi-

ments [15] have shown this current to be very

effective in pushing the liquid against the back

wall, aiding in liquid propulsion, and suppressing

surface instabilities*/potentially overcoming sev-

eral of the problems discussed above for both FW

and drain pipes. The most serious problem en-

countered with the magnetic propulsion idea is the

effect of other field components (see Section 4) on

the flow dynamics.

Electrical conductivity of the back wall in

general does not make the drag significantly worse

for these axisymmetric flows, but it can exacerbate

the stability and detachment issues since the net

force on the liquid can act to pull the film off of

the back wall. Another concern is the effect of

electrically conducting nozzles and collectors, as

pointed out in [19]. Locally providing a path for

current closure in the near nozzle region might

significantly affect the shape of jets and films as

they emerge from the nozzle and become free

surface flows. This problem can be modeled with

the 2D tools described above, and future work will

investigate this effect in more detail.

4. Three component magnetic field

The MHD effects become even more interesting

as one adds additional field components and

observes the interaction of various components

of field and induced current. If a radial field

component is added to a constant toroidal mag-

netic field, then in the axisymmetric case, the two

components do not interact. Motion in poloidal
plane does not produce any current due to the

constant toroidal field (except maybe near con-

ducting nozzles [19]), and the current created by

the poloidal motion in the radial field produces

only toroidal current. This toroidal current, how-

ever, will interact with the radial field to produce a

strong drag effect. Since the assumption of ax-

isymmetry provides a complete toroidal flow path
for this toroidal current, no electric field can arise

to oppose the current (see Eq. (3b))*/meaning

that the flow behaves like flow in a perfectly

conducting channel. Some calculations done for

APEX to determine the strength of radial field that

can be tolerated before doubling the flow depth

(halving the original velocity) are shown in Fig. 9.

For Li flows similar to those discussed before, the
tolerable surface normal field is �/0.018 T (for Sn

it is closer to 0.08 T). Recent work [20] for jet flows

has shown that this tolerable (doubling) surface

normal field (neglecting gravitational and viscous

effects) scales like:

Max Bn�

ffiffiffiffiffiffiffiffiffi
rU

2sL

s
(8)

Fig. 8. Height of free surface flows in increasingly strong field

gradient (lines 1�/6), and then with increasing magnetic

propulsion current (lines 7�/8) for strongest gradient case.

Fig. 9. Thickening of Li first wall flow due to various strengths

of radial magnetic field.
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where L is the flow distance under consideration.

This formula compares fairly well against the

numerical predictions for film flows cited above

as well. The conductivity of the back wall does not

affect these results, unless one considers inserting

toroidal dividers*/breaking the axisymmetry.
Considering now the case with both radial and

toroidal field components when the toroidal field

has a gradient, a new phenomena*/toroidal

motion*/is seen. The streamwise current induced

by the gradient in the toroidal field can interact

with perpendicular radial field to produce toroidal

forces (see Eq. (5c)) accelerating the flow toroid-

ally around the torus. Since, as noted before, the

streamwise current changes direction as one travels

along the film depth, the direction of the toroidal

force also changes so that near the backwall the

liquid is moving in one direction, and near the

surface in the opposite direction, with strong shear

in between. Fig. 10 shows the resultant toroidal

velocity profiles for a Sn flow in the same

geometry and field distribution as Figs. 3 and 4,

assuming a steady radial field component of 0.05

T. As one can see in the figure, quite large toroidal

velocities can develop, on the order of a few tenths

of a meter per second. For lithium flows (not

pictured) the velocities are roughly five times

higher.

The use of streamwise magnetic propulsion

currents in a case with radial field components

will preferentially push the liquid in the toroidal/
anti-toroidal direction depending on the sign of

the radial field. For an axisymmetric flow, these

types of toroidal motions are acceptable. But if

one considers toroidal breaks of any kind, liquid

splashing and non-uniformity can result.

As a final case, if one considers both a radial

and streamwise components of the applied field,

the toroidal current induced by the motion across
the radial field will interact with the streamwise

field to either push the liquid against the back wall,

or pull it up. We have not done many simulations

of this particular case, but the force of detachment

can be quite large in these instances and needs to

be more fully quantified.

5. Conclusions

While this significant amount of work on

axisymmetric models has been informative, and

revealed both unexpected qualitative trends and

hard quantitative flow height predictions, one

must not forget that deviations from axisymmetry

will be important. Even one toroidal break around

the reactor torus is likely to have strong effects on
the flow dynamics owing to the reintroduction of

that Hartmann effect due to the strong toroidal

field, and blockage of toroidal motion of the liquid

films. To truly accommodate penetrations, inlet

nozzles and outlet diffusers, deflectors and drain

channels, a 3D modeling capability that can

accommodate spatially varying fields and complex

geometry structures must be developed for use in
the APEX and ALPS projects. Such tools are

currently under development and already yielding

limited 3D results. In particular we note the efforts

by the HYPERCOMP [15] group to develop and

unstructured grid 3D free surface MHD solver

that, if successful, will have a serious impact on

our understanding and predictive capability of

liquid wall and divertor flows for fusion.
In addition, new experiments are also necessary

to provide data for liquid wall designers and

modelers. The MTOR facility, for example [15],

is a magnetic torus, LM flow loop facility capable

of exploring large volume LM free surface flows in

toroidal field gradients and multiple component
Fig. 10. Torodial flow velocity profiles as a function of depth

for Sn flow in a toroidal field gradient with constant radial field.
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magnetic fields. Such data is crucial to the valida-
tion of the modeling effort reported here.
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